
Ge/Ay 137 HW 1

• Problem 1. The simplest canonical transformation. 

One of the things we all learned to do early in our education is to change from polar coordinates 
to cartesian coordinates and back. Let’s now consider canonical cartesian coordinates:

How are these variables different from the usual definition of polar/cartesian coordinates? Use 
Poisson brackets to show that the transformation from (Phi,phi) to (x,y) is indeed canonical. 
Between x and y, which one is the momentum and which is the coordinate?

Extra credit 1: given that this transformation is canonical (and is therefore area-preserving or 
symplectic), what is its Jacobian?

Extra credit 2: what is the generating function for this transformation?

• Problem 2. Fun with Flags integrable Hamiltonians

In this exercise, we will play around with three Hamiltonians that serve as important paradigms 
for celestial mechanics. 

I. the forced harmonic oscillator

Unlike the simple harmonic oscillator, this oscillator is forced, meaning that it’s equilibrium lies at 
a momentum that is not zero. 

II. the pendulum

This is a mathematical pendulum, but it is viewed in a rotating frame, such that its equilibrium is 
not necessarily at Phi = 0 and instead depends on \delta.
 
III. the Andoyer model
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This Hamiltonian is often referred to as the “second fundamental model for resonance” (the first 
being the pendulum) because it arises in numerous settings (not just celestial mechanics). The 
behavior of this model is indeed quite interesting and complex: for values of delta much smaller 
than 0, it behaves like a harmonic oscillator; for values of delta much larger than 0, it behaves 
like a pendulum; the first truly resonant trajectory is born at delta = 0, where it has its own 
behavior.  

Play around with each Hamiltonian in the following way:

a) introduce canonical cartesian coordinates and write down each Hamiltonian in terms of 
these variables. For which Hamiltonians are cartesian coordinates useful? For which one 
are they not very useful?

b) writing down Hamilton’s equations, solve for the equilibria of each Hamiltonian (I suggest the 
aid of computer algebra like Mathematica or Maple). Plot the equilibria as a function of delta 
(hint: the equilibria will be at y = 0 and will lie on the x-axis) How many (real) equilibrium 
points are there for delta less than 0? How many for delta greater than 0? 

c) Draw level curves (i.e. contour plots) of the Hamiltonian for delta = -10, -3, -1, 0, 1, 3, 10. 

d) In the case of the pendulum and the second fundamental model, draw the separatrix (a 
curve given by the value of H evaluated at the most positive equilibrium point) on each of 
the plots from (c). Why is there not a separatrix in the case of the harmonic oscillator?

e) Make a code that integrates the equations of motion arising from this Hamiltonian (NDSolve 
in Mathematica works well for this). In your code, make delta a slowly increasing function of 
time, such that it goes from -10 to 10 in 1000 time units.

f) Using starting conditions \Phi = epsilon, \phi = 0, (equivalently, y = 0, x = sqrt{2epsilon}) 
where epsilon is small (e.g. ~0.01), explore the behavior of \Phi and \phi in time. What 
quantity appears to be conserved?

• Problem 3. Shifting into a new frame

part I

Let us imagine that we have a Hamiltonian of the form

In the most naive sense, this Hamiltonian has 2 degrees of freedom: (\Phi,\phi) and (\Psi,\psi). 
But note that this Hamiltonian only has a single harmonic (cosine) term. The goal is to turn it into 
an integrable form (1 degree of freedom), and to pick up a symmetry inherent to the problem 
along the way. 

a) write down a type-2 generating function (explicitly: old variables, new momenta) that yields 
new variables (\Theta,\theta) and (\Gamma,\gamma), where the new variables are
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b) derive the new conjugate momenta from the generating function

c) find the conserved quantity.

d) write down the Hamiltonian in integrable form

part II

Let us imagine that we now have a time-dependent Hamiltonian

Follow steps (a) - (d) from part I. 

Hint: one simple way to do this is to extend the phase space, such that t is an angle conjugate 
to action T.

Extra credit 1: subtracting a constant from the action (say, \Phi’ = \Phi - C) always constitutes a 
canonical transformation (because Poisson brackets are derivatives). Derive a canonical 
transformation (hint: it is a translation) that turns a forced harmonic oscillator into a simple 
harmonic oscillator H ~ \Phi.

Extra credit 2: derive a simple canonical transformation (hint: again, it is a translation) that turns 
the pendulum Hamiltonian in problem 2 such that its equilibrium is at \Phi=0.
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